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The motivating key for this work was the absence of a phenomenological model that can reasonably
predict a variety of non-proportional experimental data on the anisotropic Mullins effect for different
types of rubber-like materials. Hence, in this paper, we propose a purely phenomenological direction
dependent orthotropic model that can describe the anisotropic Mullins behaviour with permanent set
and, has orthotropic invariants that have a clear physical interpretation. The formulation is based on
an orthotropic principal axis theory recently developed for nonlinear elastic problems. A damage function
and a direction dependent damage parameter are introduced in the formulation to facilitate the analysis
of anisotropic stress softening in rubber-like materials. A direction dependent free energy function,
written explicitly in terms of principal stretches, is postulated. The proposed theory is able to predict
and compares well with experimental data available in the literature for different types of rubberlike
materials.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
When subjected to cyclic loadings many rubberlike and biolog-
ical materials exhibit an anisotropic stress-softening phenomenon
widely known as the Mullins effect (Mullins, 1947). Due to its the-
oretical and technological interest, there is a wide literature on the
Mullins effect; readers are referred to the literature (Shariff, 2000,
2006; Dargazany and Itskov, 2009; Merckel et al., 2012; Dorfmann
and Pancheri, 2012) for detail description on the anisotropic
behaviour of the Mullins effect.
Softening induced anisotropy is demonstrated by performing
successive non-proportional loadings (i.e. successive loadings with
changing the directions of stretching or the type of loading) and,
recently, several non-proportional experiments (Hanson et al.,
2005; Diani et al., 2006; Diani et al., 2006; Itskov et al., 2006;
Dargazany and Itskov, 2009; Machado et al., 2012; Merckel et al.,
2012) were conducted. However, only a few phenomenological
models (Shariff, 2000, 2006; Itskov et al., 2006; Dorfmann and
Pancheri, 2012; Merckel et al., 2013) describing anisotropic Mul-
lins behaviour appeared in the literature. Except for Shariff
(2006) model, the performances of previous phenomenological
models were not tested against a wide range of deformations
and different types of materials. We note that, Shariff (2006) direc-
tion dependent model describes the anisotropic behaviour in
Mullins materials via a symmetric direction dependent orthotropicstructural tensor D and a symmetric direction dependent structural
shear tensor S. His 2006 model does not consider permanent set
and most of his anisotropic results were obtained using only the
orthotropic tensor D. His results compare well with the few aniso-
tropic experimental data available at that time and were able to
describe non-proportional loadings. However, the efﬁcacy of his
model cannot be further justiﬁed since there were very few non-
proportional loading experiments existed before 2006. But since
2006, several non-proportional loading experiments appeared in
the literature and, in view of this, to further justify the efﬁcacy of
Shariff (2006) model, a direction dependent orthotropic model is
proposed in this paper. Although the proposed thermodynamically
consistent phenomenological model is based on Shariff (2006)
model, it is formulated differently. The formulation here does not
use the structural tensors D and S but used a principal axis formu-
lation, recently developed for orthotropic nonlinear elasticity
(Shariff, 2011). It also takes permanent set into account. In this
communication, the efﬁcacy of the proposed model is tested
against a wide range of non-proportional loadings and different
types of rubber-like materials.
The paper is organised as follows. Since most readers are not
familiar with the principal axis formulation recently developed
by Shariff (2011), it is brieﬂy outlined in Section 2. The direction
dependent damage parameter and the damage function are pro-
posed in Section 3. The materials in Sections 2 and 3 are used in
Section 4 to formulate the constitutive equation and, in Section 5
energy dissipation is shown via the Clausius–Duhem inequality.
In Section 6, the performance of the constitutive equation is tested
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ings. Also in Section 6, the proposed theory is compared to several
different types of experiments and rubber-like materials. The
model in Section 4 is extended to take permanent set into account
and, in Section 7, a permanent set model is proposed and its results
are compared with experimental ﬁndings. For beneﬁt of the read-
ers the key equations are given in Appendix A. Finally, concluding
remarks close the paper.
2. Principal axis formulation: nonlinear orthotropic elasticity
Since our model is based on a principal axis formulation devel-
oped for nonlinear orthotropic elasticity, in this Section, we brieﬂy
outline the preliminaries of the principal axis formulation recently
developed by Shariff (2011). The principal stretch ki ði ¼ 1;2;3Þ is
given by
ki ¼ ei  Uei; ð1Þ
where U is the right stretch tensor and ei is a principal direction of
U. In this communication, all subscripts i and j take the values 1, 2
and 3, unless stated otherwise. In Shariff (2011) paper, a strain
energy function We for an incompressible orthotropic material is
proposed, where its invariants have immediate physical interpreta-
tion. It has the form
We ¼ Wðk1; k2; f1; f2; n1; n2Þ
¼ ~W k1; k2; k3 ¼ 1k1k2 ; f1; f2; n1; n2
 
; ð2Þ
where the invariants 1P fi ¼ ða  eiÞ2 P 0 and 1P ni¼ðbeiÞ2P0
and, the perpendicular vectors a and b are the preferred orthotropic
directions. The physical meaning of ki is obvious and it is clear
that fi and ni are the square of the cosine of the angle between
the principal direction ei and the preferred directions a and b,
respectively.
The function W enjoys the symmetry
Wðk1; k2; f1; f2; n1; n2Þ ¼ Wðk2; k1; f2; f1; n2; n1Þ: ð3Þ
A speciﬁc form of (3) has been proposed to characterise the
mechanical behaviour of passive myocardium (Shariff, 2013).
The classical invariants Ik, (k ¼ 1;2; . . . ;7) are related to the
physical invariants via the relations
I1 ¼ trC ¼ k21 þ k22 þ k23;
I2 ¼ ðtrCÞ
2  trC2
2
¼ k21k22 þ k21k23 þ k22k23;
I4 ¼ a  Ca ¼ k21f1 þ k22f2 þ k23f3;
I5 ¼ a  C2a ¼ k41f1 þ k42f2 þ k43f3;
I6 ¼ b  Cb ¼ k21n1 þ k22n2 þ k23n3;
I7 ¼ b  C2b ¼ k41n1 þ k42n2 þ k43n3;
ð4Þ
where the right Cauchy–Green deformation tensor C ¼ U2; f3 ¼
1 f1  f2 and n3 ¼ 1 n1  n2. For an incompressible solid, the
invariant I3 ¼ detðCÞ ¼ ðk1k2k3Þ2 ¼ 1. It is shown by Shariff (2013)
that the invariant sets fI1; I2; I4; I5; I6; I7g and fk1; k2; f1; f2; n1; n2g are
a minimal integrity basis (Spencer, 1971) with a syzygy; only ﬁve
of these invariants are independent. The second Piola–Kirchhoff
stress is given by
T ð2Þ ¼ 2 @We
@C
 pC1; ð5Þ
where p is the Lagrange multiplier associated with the incompress-
ible constraint k1k2k3 ¼ 1. Principal axis formulation requires the
symmetric components @We
@C
 
ij of
@We
@C relative to the basis feig. These
components are (Shariff, 2011)@We
@C
 
ii
¼ 1
2ki
@ ~W
@ki
ði not summedÞ ð6Þ
and the shear components
@We
@C
 
ij
¼ 1
k2i  k2j
@ ~W
@fi
 @
~W
@fj
 !
ei  Aej þ @
~W
@ni
 @
~W
@nj
 !
ei  Bej
 !
;
i– j; i; j ¼ 1;2; ð7Þ
@We
@C
 
a3
¼ 1
k2a  k23
@ ~W
@fa
ea  Ae3 þ @
~W
@na
ea  Be3
 !
; a ¼ 1;2; ð8Þ
where A ¼ a a and B ¼ b b ( denotes the dyadic product). It is
assumed that ~W has sufﬁcient regularity to ensure that, as ki and ka
approach kj and k3, respectively, Eqs. (7) and (8) have limits. It is
explicit in Eqs. (7) and (8) that the second Piola–Kirchhoff stress
is coaxial with C when the preferred directions a and b are parallel
to any two of the principal directions. This explicitness may not be
as transparent if the strain energy function is expressed in terms of
the classical invariants (4) (or possibly most types of invariants
found in the literature). The Cauchy stress us given by
r ¼ 2F @We
@C
FT  pI: ð9Þ3. Direction dependent damage parameter and damage
function
In this paper the term ‘‘damage’’ is interpreted in its widest
sense; for example, it may mean ‘‘rupture of molecular bonds that
reform to create new microstructure’’ or ‘‘conversion of hard phase
to soft phase’’ or ‘‘cavitation damage’’ or ‘‘any change in the ground
state mechanical properties that are induced by strain’’. We are
only concerned with strain induced damages that lead to stress
softening. A damage function is introduced to measure an amount
of damage caused by strain. A measure of damage is an important
tool for analysing stress-softening materials (Shariff, 2006, 2009;
Ogden and Roxburgh, 1999) The proposed damage function g
(which may depend on material properties) is deﬁned such
that 0 ¼ gð1Þ 6 gðuÞ;u 2 T ¼ fu ¼ ½u1;u2; . . .unT 2 Rn; uk > 0;k ¼ 1;
2; . . .ng. The function g has also the properties that g^0ðaÞP 0,
where g^ðaÞ ¼ gðð1 aÞ1þ awÞ;0 < a 6 1 and wð– 1Þ 2 T is a con-
stant. g^0ðaÞ may or may not exist at a ¼ 0. If it exist then g^0ð0Þ ¼ 0.
In view of our deﬁnition, g increases monotonically as u moves
away in an n-dimensional straight line from the point u ¼ 1. It is
possible that, in order to adequately describe stress-softening
behaviour in a compressible solid, a constitutive equation may
consist of more than one forms of damage function. In this paper,
we are only concerned with one-dimensional u, i.e., u ¼ x 2 R and
x > 0. If, for example, for a particular material, the compressing
of an ei-line element does not contribute to stress softening, then
we can construct g such that gðxÞ ¼ 0 for x < 1. In this communica-
tion, however, we propose g to have the form
gðxÞ ¼ ðx
c1  1Þ2
xc2
; ð10Þ
where c1 and c2 are material constants and they must be con-
strained so that gðxÞ increases monotonically as x moves away from
the point x ¼ 1; we note that the inequality 2c1 > c2 ensures the
monotonicity of g.
In order to relate a direction dependent damage parameter, on a
line element parallel to a principal direction ei, to a mechanical
value, we consider the following inequality
sðminÞi 6 ki 6 s
ðmaxÞ
i ; ð11Þ
Fig. 1. Schematic loading–unloading curves in simple tension (Mullins effect).
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sðmaxÞi ¼max06z6t
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ei  CðzÞei
p
; and sðminÞi ¼ min06z6t
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ei  CðzÞei
p
; ð12Þ
the material is subjected to a deformation history up to the current
time t and, z denotes a running time variable. Physically, sðmaxÞi and
sðminÞi are maximum and minimum ‘‘stretch’’ values, respectively,
of the ei-line element throughout the history of the deformation.
From the above equation it is clear that sðmaxÞi P 1; s
ðminÞ
i 6 1 and ki
is bounded by sðminÞi and s
ðmaxÞ
i . For example, consider a material
being pre-stretched by a simple tension deformation. A simple ten-
sion deformation is then applied on this pre-stretch material in the
same direction as the pre-stretch direction, where the deformation
is described by
UðkÞ  k; 1ﬃﬃﬃ
k
p ; 1ﬃﬃﬃ
k
p
 
; ð13Þ
1 6 k 6 km ¼ sðmaxÞ1 ; sðminÞ2 ¼ sðminÞ3 ¼ 1ﬃﬃﬃﬃkmp 6 1ﬃﬃkp 6 1 and sðminÞ1 ¼
sðmaxÞ2 ¼ sðmaxÞ3 ¼ 1. The bounds sðmaxÞi and sðminÞi in (11) are related to
the amount of damage; as the amount of damage increases the
interval in Eq. (11) widens. It is possible that the damage associ-
ated with the upper or lower bound depends on both sðmaxÞi and
sðminÞi . In view of this, a general bound on ki can be constructed.
An example of a general bound can be found in Shariff (2006,
2009). However, in this paper, we are only concern with the
bounds given in (11).
We deﬁne our direction dependent damage parameter ai corre-
sponding to an ei line element, via the following:
ai ¼
sðmaxÞi when ki > 1;
sðminÞi when ki < 1;
sðmaxÞ
i
þsðminÞ
i
2 when ki ¼ 1:
8><
>: ð14Þ
In view of the properties of g, it is clear that gðkiÞ 6 gðaiÞ. Phys-
ically, gðaiÞ at ki ¼ 1 can be considered as a measure of an amount
of damage related to the ei line element; for a strictly monotonic g,
the higher the value of g the bigger the damage caused by the
deformation. It is clear from Eq. (14) that the value of gðaiÞ when
ki > 1 is, in general, different from that when ki < 1 or when ki ¼ 1.
3.1. Remark
The direction dependent damage parameter ai requires the
history of the tensor C to solve boundary value problems. If a
numerical method is used, such as the ﬁnite element method, a
large scale stress-softening problem is generally solved using an
incremental loading technique, where the number of increments
n1 is far less than the number of nodal displacements n2. If the dis-
placement nodal values are stored at each increment, which is
computationally not too expensive (storage wise), since n1  n2,
then the (discrete) history of C can be cheaply obtained. In the case
of solving a stress-softening problem analytically, where the
principal directions vary during deformation, a simple shear
example is given in Section 6.5. In this example, although a great
deal of analysis is involved, we show that the requirement of the
history of C is not impractical.
4. A Direction dependent model for the Mullins effect
4.1. Description of the ideal Mullins effect in non-proportional uniaxial
loadings with no permanent set
Ideal Mullins effect in simple tension has been described excel-
lently in the literature. In view of this, we only brieﬂy describe the
Mullins effect in non-proportional simple tension loadings.Consider a material being pre-stretched uniaxially as shown on
the primary loading path Oa in Fig. 1. On unloading from a the
elastic path aEO is followed; we call this path elastic because when
the material is loaded again up to point a the path aEO is retraced
as OEa, hence the material behaves elastically and its ground-state-
material-constant values are ﬁxed during this deformation. From
the point a the material is loaded to the point b via the primary
loading path Oab. When the material is unloaded from b, the elastic
bEO path is followed. After unloading completely, a simple tension
deformation is applied in a direction 30 from the pre-stretch load-
ing direction on a smaller specimen cut from the pre-stretched
material. This sequence of deformations has been done experimen-
tally by Machado et al. (2012). The non-elastic 30 path is depicted
by the path Ocb and the elastic paths (unloading from c and b) are
depicted by cEO and bEO. The elastic properties for the elastic paths
OEa; OEb and OEc are different. The nominal stress on any path can
be obtained by differentiating the area under an elastic path. From
Fig. 1, the stress–strain behaviour in different loading directions
are not the same which suggests that the damage caused by strain
is anisotropic. We can represent the areas under different elastic
paths by different direction dependent elastic strain energy func-
tions, although the material itself is not elastic. We note that the
ground state material properties may change during deformation.
With these in mind, we introduce a ‘free’ energy function for an
inelastic solid that can be portrayed by an inﬁnite family of elastic
strain energy functions parameterized by the direction dependent
damage parameter ai.
In Machado et al. (2012) experiment, a virgin (isotropic) mate-
rial is pre-stretched by a simple tension deformation. Simple ten-
sions are then applied, on the pre-stretch, in directions different
from the pre-stretch direction on smaller specimens cut from the
pre-stretch material. We note that the pre-stretch material is
transversely isotropic (Shariff, 2006), where its preferred direction
is parallel to the pre-stretch direction. It is evident that, when a
homogeneous simple tension deformation is applied on a trans-
versely isotropic elastic material in a direction not parallel to the
preferred direction, shear stresses are needed to maintain the sim-
ple tension deformation (Shariff, 2008). However, in Machado et al.
(2012) experiment, no shear stresses are needed to maintain their
non-proportional simple tensions on the pre-stretch transversely
isotropic material. In view of this, since we are modelling Mullins
anisotropy via an inﬁnite family of orthotropic elastic strain energy
functions and, since the shear components (see (7) and (8)) are
zero when the preferred directions a and b are parallel to principal
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preferred directions a and b are direction dependent and are
always parallel to principal directions e1 and e2.
4.2. Constitutive equation
Based on the work of Shariff (2006, 2011), we propose the
direction dependent free energy
Wf ¼
X3
i¼1
gð!i;aiÞrð!iÞ þ /ð!i;aiÞð Þ; ð15Þ
where
!1¼ trðUAÞ¼ k1f1þk2f2þk3f3; !2¼ trðUBÞ¼ k1n1þk2n2þk3n3;
!3¼ k1ð1 f1n1Þþk2ð1 f2n2Þþk3ð1 f3n3Þ
ð16Þ
and
/ð!i;aiÞ ¼ 
Z !i
1
rðsÞdg
ds
ðs;aiÞds: ð17Þ
The free energy (15) is direction dependent since the damage
parameter ai is direction dependent. The softening function g is
introduced in (15) to soften the stress and has the property
0 < g 6 1 and gðs; sÞ ¼ 1.
In our direction dependent model, a ¼ e1 and b ¼ e2, and we
have
Wf ¼
X3
i¼1
gðki;aiÞrðkiÞ þ /ðki;aiÞð Þ; ð18Þ
where /ðki;aiÞ ¼ 
R ki
1 rðsÞ dgds ðs;aiÞds (see the Appendix B for com-
ments on (18)). In view of (7) and (8), the second Piola–Kirchhoff
stress is always coaxial with the tensor U; this simulates the stress
behaviour in experiments, especially, in non-proportional simple
tension loadings. In this paper, we only consider g to have the
particular form gðki;aiÞ ¼ g^ðgðkiÞ; gðaiÞÞ. The condition
@g^
@gðaiÞ ðgðkiÞ; gðaiÞÞ < 0 ð19Þ
is imposed so that Wf decreases monotonically as gðaiÞ increases.
On the primary loading, g ¼ 1, the free energy function simply
becomes the Valanis and Landel (1967) separable form, i.e.,
Wf ¼ rðk1Þ þ rðk2Þ þ rðk3Þ: ð20Þ
Based on the work of Shariff (2000) on nonlinear isotropic
elasticity, we propose the speciﬁc form for r, i.e.,
rðkiÞ ¼
Z ki
1
f ðsÞ
s
ds; ð21Þ
where f ð1Þ ¼ 0; f ðyÞ > 0 for y > 1 and f ðyÞ < 0 for y < 1. It is clear
that rð1Þ ¼ 0 , r0ð1Þ ¼ 0, 0 ¼ rð1Þ 6 rðyÞ and rðyÞ increases (strictly)
monotonically away from y ¼ 1. Following the work of Shariff
(2000), we propose
f ðsÞ ¼
X4
i¼1
ai/iðsÞ; ð22Þ
where
/1ðsÞ ¼
2
3
lnðsÞ; /2ðsÞ ¼ eð1sÞ þ s 2; /3ðsÞ ¼ eðs1Þ  s;
/4ðsÞ ¼
ðs 1Þ3
sk
; ð23Þ
a14 and k are material constants. Here, for simplicity, we
propose the speciﬁc formgðs;dÞ ¼ g^ðgðsÞ; gðdÞÞ
¼ eb1ðgðsÞgðdÞÞ	gðsÞb2  b3eb4gðsÞðgðdÞ  gðsÞÞ ð24Þ
for the softening function. The Cauchy stress simply take the form
r ¼ 2F
X3
i¼1
1
2ki
@Wf
@ki
ei  ei
 !
FT  pI: ð25Þ5. Dissipation
In this section we show that the free energy function satisﬁes
the Clausius–Duhem inequality given by the relation
DIS ¼ trðT ð1Þ _UÞ  _Wf P 0; ð26Þ
where tr denotes trace of a second order tensor,
Tð1Þ ¼ @Wf
@U
 pU1 ð27Þ
is the Biot stress and the superposed dot represents, for example,
the time derivative. From detðUÞ ¼ 1 (where det denotes the
determinant of a tensor) we have trðU1 _UÞ ¼ 0. Hence trðT ð1Þ _UÞ ¼
trððT ð1Þ þ pU1Þ _UÞ and
_Wf ¼ tr @Wf
@U
_U
 
þ
X3
i¼1
@Wf
@gðaiÞ
_gðaiÞ: ð28Þ
In view of Eqs. (26) and (28), and since _U is arbitrary, we have
the Biot stress given by Eqs. (27) and
DIS ¼ 
X3
i¼1
@Wf
@gðaiÞ
_gðaiÞ: ð29Þ
In view the properties of ai and g, it is clear that _gðaiÞP 0.
Eq. (19) ensures that DISP 0 which is consistent with the
Clausius–Duhem inequality that indicates energy dissipation.
6. Homogeneous deformations and comparison with
experimental data
6.1. Curve ﬁtting and predictions
A rigorous curve ﬁtting exercise to obtain a speciﬁc form of free
energy function usually involve tests that vary one invariant in the
free energy function and hold the rest of the invariants constant
(Holzapfel and Ogden, 2009). If the invariants have no direct phys-
ical interpretation, it is not easy to devise an experiment to do such
tests. However, the principal stretches ki used here have immedi-
ate physical interpretation and are experimentally friendly as
described in Shariff (2011). Unfortunately, past Mullins experi-
ments are not rigorous enough in the sense that they do not con-
tain tests that vary one invariant and hold the rest of the
invariants constant. In view of this, as in all previous phenomeno-
logical models, we have to propose a speciﬁc form (instead of
developing a speciﬁc form via a rigorous experiment) and its mate-
rial-constant values are obtained via a curve ﬁtting exercise. There
are many ways to curve ﬁt an experimental data. Here, we use the
standard least squares, ‘‘visual’’ and ad hoc ﬁttings; sometimes a
combination of two or three of them.
We note that, to demonstrate the anisotropic Mullins behav-
iour, past experiments usually give graphical data involving stress
versus a principal stretch. This type of data is not suitable for non-
proportional loadings as described in the following example:
Consider a material being pre-stretched in the e2 direction. This
pre-stretch material is then stretched uniaxially in a e2 direction
different from the e2 pre-stretch direction. This sequence of
Fig. 2. Machado et al. (2012) uniaxial pre-stretch experiment. The virgin loading
and 0 reloading data is curve ﬁtted.
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experiment. The non-zero principal nominal stress is given by
t2 ¼
g k2; sðmaxÞ2
 
f ðk2Þ  g k3; sðminÞ3
 
f ðk3Þ
k2
: ð30Þ
Note that, in general, k1 – 1ﬃﬃﬃ
k2
p ; k3 – 1ﬃﬃﬃ
k2
p and k1 – k3. The rela-
tion between k2 and k3 is
gðk3; sðminÞ3 Þf ðk3Þ ¼ g
1
k2k3
; sðminÞ1
 
f
1
k2k3
 
; ð31Þ
in view of the traction free condition t1 ¼ t3 ¼ 0. Obviously,
k1 ¼ 1k2k3. A curve ﬁtting procedure for Eq. (30) requires experimen-
tal data values for t2; k2 and k3, and the constraint (31) must be
included in the curve ﬁtting procedure. However, past non-propor-
tional Mullins experiments only gave data for t2 and k2 only, hence
it is not possible, in this communication, to obtain curve ﬁtting
material-constant values via (30) and (31). In this section, the mate-
rial-constant values are obtained via curve ﬁtting only for particular
types of deformations described later in this section.
One way to justify the efﬁcacy of a proposed model is to predict
an experimental data after the material-constant values were
obtained using a different set of experimental data. The author
rarely ﬁnd prediction exercises in the literature, even in the case
of the well established theory of nonlinear isotropic elasticity. Gen-
erally, prediction curves, even for purely elastic models, do not ﬁt
the experimental data as well as ﬁtted curves. For example, it is
shown in Marckmann and Verron (2006) and Steinmann et al.
(2012) that the prediction performances of some well established
purely elastic models are very weak; this indicates the difﬁculty
in developing good constitutive models, even in the established
theory of nonlinear isotropic elasticity. In this section, however,
we show that, for the less established Mullins theory, our proposed
model could reasonably predict experimental data.
6.2. Anisotropy induced by a uniaxial pre-stretch
In this Section, we study uniaxial deformations of the non-
virgin material in directions different from the uniaxial pre-stretch
direction. Consider a uniaxial pre-stretch deformation of a virgin
material in the 2-direction deﬁned by
UðkÞ  diag 1ﬃﬃﬃ
k
p ; k; 1ﬃﬃﬃ
k
p
 
; ð32Þ
where 1 6 k 6 km.
The pre-stretch material is then subjected to a uniaxial tension
in the e2 direction where the Cartesian components of the principal
directions of U are given by
e1 ¼
c
s
0
2
6664
3
7775; e2 ¼
s
c
0
2
6664
3
7775; e3 ¼
0
0
1
2
6664
3
7775; ð33Þ
where c ¼ cosðhÞ; s ¼ sinðhÞ and 0 6 h 6 p2 is the angle subtended,
anticlockwise, from the Cartesian-1 axis. Consider the optimum
values
s^ðmaxÞi ¼ max16k6km
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ei  U2ðkÞei
q
; s^ðminÞi ¼ min16k6km
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ei  U2ðkÞei
q
ð34Þ
of the pre-stretch deformation in the ei directions. With a little
algebra, the optimised values given in (34) are:
s^ðmaxÞ1 ¼
1; 1P c P
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kmð1þkmÞ
1þkmþk2m
q
;
f cðkmÞ; 0 6 c 6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kmð1þkmÞ
1þkmþk2m
q
;
8>><
>: ð35Þs^ðminÞ1 ¼
1; 0 6 c 6
ﬃﬃ
2
3
q
;
f c
c2
2ð1c2Þ
 1
3
 
;
ﬃﬃ
2
3
q
6 c 6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2k3m
1þ2k3m
r
;
f cðkmÞ;
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2k3m
1þ2k3m
r
6 c 6 1;
8>>>>><
>>>>:
ð36Þ
s^ðmaxÞ2 ¼
1; 1P sP
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kmð1þkmÞ
1þkmþk2m
q
;
f sðkmÞ; 0 6 s 6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kmð1þkmÞ
1þkmþk2m
q
;
8><
>: ð37Þ
s^ðminÞ2 ¼
1; 0 6 s 6
ﬃﬃ
2
3
q
;
f s
s2
2ð1s2Þ
 1
3
 
;
ﬃﬃ
2
3
q
6 s 6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2k3m
1þ2k3m
r
;
f sðkmÞ;
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2k3m
1þ2k3m
r
6 s 6 1;
8>>>><
>>>>:
ð38Þ
s^ðmaxÞ3 ¼ 1; s^ðminÞ3 ¼
1
km
; ð39Þ
where
f cðkÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
k
 k2
 
c2 þ k2
s
ð40Þ
and
f sðkÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
k
 k2
 
s2 þ k2
s
: ð41Þ
The maximum and minimum values for the principal-direction
line elements corresponding to (33) during the deformation of the
pre-stretch non-virgin material are
sðmaxÞi ¼
s^ðmaxÞi ; 1 6 ki 6 s^
ðmaxÞ
i ;
ki; ki P s^
ðmaxÞ
i ;
(
sðminÞi ¼
s^ðminÞi ; 1P ki P s^
ðminÞ
i ;
ki; ki 6 s^ðminÞi :
(
ð42Þ
In Machado et al. (2012) induced anisotropy experiment, a ﬁlled
silicone rubber specimen was submitted to one cycle of stretch, at
k2 ¼ 2:5 in uniaxial tension along a principal direction that
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each of these preconditioned large samples along ﬁve different
directions 0; 15; 30; 45 and 90. Each of these smaller speci-
mens is then subjected to a uniaxial deformation up to k2 ¼ 2:5.
Machado et al. (2012) reloading stress–strain curves for the non-
0 deformations do not coincide, in general, hence indicating
induced anisotropy. Our principal components of the nominal
stress for the primary (virgin) loading has the form
t2 ¼
f ðk2Þ  f 1ﬃﬃﬃ
k2
p
 
k2
; t1 ¼ t3 ¼ 0: ð43Þ
The expression for non-zero nominal stress principal compo-
nent for the loadings in the ﬁve different directions is
t2 ¼
g k2; sðmaxÞ2
 
f ðk2Þ  g k3; sðminÞ3
 
f ðk3Þ
k2
: ð44Þ
Note that, in general, k1 – k3. However, for the 0 non-primary
loading k3 ¼ k1 ¼ 1ﬃﬃﬃ
k2
p . In Machado et al. (2012) experiment, only
the values of k2 are given. Hence, we can only curve ﬁt the primaryFig. 3. Machado et al. (2012) uniaxial pre-stretch experiment. Predictioand the 0 non-primary data (see Fig. 2) to obtain the material-
constant values. Using these material-constant values we predict
the stress–strain curves for 15; 30; 45 and 90 as shown in
Fig. 3. Note that for the non-0 deformations, the value for k3 in
(44) is obtained from k2 via the equation
gðk3; sðminÞ3 Þf ðk3Þ ¼ g
1
k2k3
; sðminÞ1
 
f
1
k2k3
 
; ð45Þ
in view of the stress free condition t2 ¼ t3 ¼ 0 and the incompress-
ibility condition k1k2k3 ¼ 1. To compare our theory with Machado
et al. (2012) experiment, we only use the softening function
gðs;dÞ ¼ eb1ðgðsÞgðdÞÞgðsÞb2 ð46Þ
The induced anisotropic theoretical stress–strain behaviour
depicted in Fig. 4 agrees with the experimental behaviour
described in Machado et al. (2012). Note that the values of the
material constants for Fig. 2–4are:
a1 ¼ 0:71; a2 ¼ 2:44; a3 ¼ 0:48; a4 ¼ 2:71; k ¼ 1:868;
b1 ¼ 2; b2 ¼ 0:7691; c1 ¼ 1; c2 ¼ 0:6201: ð47Þns of 15; 30; 45 and 90 loadings after 0 uniaxial pre-stretch.
Fig. 6. Mullins and Tobin (1957) simple tension data. a1 ¼ 50:51;
a2 ¼ 157:69; a3 ¼ 1:809; a4 ¼ 112:837; k ¼ 1:447, b1 ¼ 93:76; b2 ¼ 0:28; b3 ¼
6:86; b4 ¼ 1:11; c1 ¼ 0:31; c2 ¼ 0:68.
Fig. 4. Induced anisotropy represented by the theoretical uniaxial stress–strain
responses for the different angles between the ﬁrst and second loading directions.
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mental data for the primary loading and 0 reloading quite well.
In order to keep the visualisation results clear, we depict the
non-0 results individually in Fig. 3. These ﬁgures indicate that
our model can predict the non-0 experimental loadings quite
accurately. We note that all the unloading curves (not shown here)
of the non-0 deformations coincide with the 0 reloading curve;
this behaviour is observed in Machado et al. (2012) paper, taking
note that their experimental 0 reloading and unloading curves
do not coincide due to ‘‘non-ideal’’ Mullins deformations.
In this section, we also compare our theory with the 0 (loading/
reloading) experimental data of Mullins and Tobin (1957) and
Mullins (1969). To curve ﬁt these data we use the functional form
of g given in Eq. (24). The ﬁtted curves are shown in Fig. 5 for GR-S
tread vulcanizate rubber. Using the values of the material con-
stants obtained in the Fig. 5 curve ﬁtting, we predict fairly well
(as depicted in Fig. 6) the nominal stress–strain behaviour for the
maximal 1.5 and 5 pre-stretch strain values. Fig. 7 indicate that
out theory can also model NR-MPC black vulcanizate rubber.Fig. 5. Mullins and Tobin (1957) simple tension data. a1 ¼ 50:51;
a2 ¼ 157:69; a3 ¼ 1:809; a4 ¼ 112:837; k ¼ 1:447, b1 ¼ 93:76; b2 ¼ 0:28; b3 ¼
6:86; b4 ¼ 1:11; c1 ¼ 0:31; c2 ¼ 0:68.6.3. Anisotropic induced by a biaxial pre-stretch
In Machado et al. (2012) experiment, induced anisotropy was
also demonstrated by applying uniaxial tensions on biaxial pre-
stretch materials. We study this induced anisotropy by considering
a uniaxial tension in the Cartesian-1 direction on a biaxial
pre-stretch of a virgin material described by
U  diag k1; k2; 1k1k2
 
; ð48Þ
where 1 6 k1 6 kðmaxÞ1 and 1 6 k2 6 k
ðmaxÞ
2 . Note that 1P k3 P
1
kðmaxÞ1 k
ðmaxÞ
2
. Since the values of k3 (or k2) are not given in the experi-
ment, we can only predict Machado et al. (2012) experiment. The
material-constant values given in (47) are obtained in the 0 simple
tension curve ﬁtting exercise described in Section 6.2. The nominalFig. 7. Mullins (1969) simple tension data. a1 ¼ 69:459; a2 ¼ 203:786;
a3 ¼ 6:765; a4 ¼ 146:734; k ¼ 1:5; b1 ¼ 41:378, b2 ¼ 0:142; b3 ¼ 4:921; b4 ¼
20:870; c1 ¼ 0:3; c2 ¼ 0:45.
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ðmaxÞ
2
(kðmaxÞ1 P k
ðmaxÞ
2 ) are depicted in Fig. 8 to avoid cluttering. It is clear
in these ﬁgures that our theoretical nominal stress t1 predicts the
experiment fairly well. We emphasise that, these biaxial pre-stretch
predictions are done using only the 0 uniaxial pre-stretch data set.
In Fig. 9 we compare the results for cases (a) kðmaxÞ1 > k
ðmaxÞ
2 and (b)
kðmaxÞ2 > k
ðmaxÞ
1 . It is clear from Fig. 9 that our theory agrees with
Machado et al. (2012) experimental results, where the nominal
stress for the case (b) is generally higher than (a) for 1 6 k1 6 2:5.
We note that Rebouah et al. (2013) also compare their theory
with the experimental data of Machado et al. (2012). Their theory
compares well with the uniaxial pre-stretching experimental data
but not so well with the biaxial pre-stretching experimental data.
Our model, however, predicts well most of Machado et al. (2012)Fig. 8. Machado et al. (2012) biaxial pre-stretch experiment. Simpleexperimental data, after only curve ﬁtting two curves, the uniaxial
primary and 0 loading curves. Rebouah et al. (2013) energy func-
tion is the sum of an isotropic hyperelastic function and an energy
function which contains 42 independent directional strains. Their
Mullins effect evolution function contains I1 and its maximum
value and, the directional strains and their maximum values.
Rebouah and Chagnon (2014) then extended the model of
Rebouah et al. (2013) to develop a permanent set theory. Also,
based on the 2013 model, Machado et al. (2014) developed a con-
stitutive equation containing a function of the variation of strain
energy in each direction and the variation of strain energy in the
maximal principal strain direction. Similar to Rebouah et al.
(2013), their theory compares well with the uniaxial pre-stretching
experimental data but not so well with the biaxial pre-stretching
experimental data.tensions in the 1-direction after various biaxial pre-stretches.
Fig. 9. Simple tension stress–strain behaviour in the 1-direction on biaxial
pre-stretches, where kðmaxÞ1 > k
ðmaxÞ
2 and k
ðmaxÞ
2 > k
ðmaxÞ
1 .
Fig. 10. Plane strain compression in different directions after a plane strain
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Consider a plane strain pre-compression of a virgin material in
the Cartesian-2 direction described by
UðkÞ  diag 1
k
; k;1
 
; ð49Þ
1P kP km.
After the pre-compression deformation, the material is sub-
jected to a plane strain compression in the e2 direction, where
the Cartesian components of the principal directions of U are given
by
e1 
c
s
0
2
6664
3
7775; e2 
s
c
0
2
6664
3
7775; e3 
0
0
1
2
6664
3
7775; ð50Þ
where c ¼ cosðhÞ; s ¼ sinðhÞ and 0 6 h 6 p2 is the angle subtended,
anticlockwise, from the Cartesian-1 axis.
Consider the optimum values
s^ðmaxÞi ¼ max1PkPkm
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ei  U2ðkÞei
q
; s^ðminÞi ¼ min1PkPkm
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ei  U2ðkÞei
q
ð51Þ
of the pre-compression deformation in the ei directions.
The optimised values given in (51) are:
s^ðmaxÞ1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
k2m
 k2m
 
c2 þ k2m
r
; 1P c > kmﬃﬃﬃﬃﬃﬃﬃﬃ
1þk2m
p ;
1; 0 6 c 6 kmﬃﬃﬃﬃﬃﬃﬃﬃ
1þk2m
p ;
8><
>: ð52Þ
s^ðminÞ1 ¼
1; 1P c P
ﬃﬃﬃﬃﬃﬃﬃ
0:5
p
;ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
pp
;
ﬃﬃﬃﬃﬃﬃﬃ
0:5
p
> c P k
2
mﬃﬃﬃﬃﬃﬃﬃﬃ
1þk2m
p ;
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
k2m
 k2m
 
c2 þ k2m
r
; 0 6 c < k
2
mﬃﬃﬃﬃﬃﬃﬃﬃ
1þk2m
p ;
8>>>><
>>>>:
ð53Þ
s^ðmaxÞ2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
k2m
 k2m
 
s2 þ k2m
r
; 1P s > kmﬃﬃﬃﬃﬃﬃﬃﬃ
1þk2m
p ;
1; 0 6 s 6 kmﬃﬃﬃﬃﬃﬃﬃﬃ
1þk2m
p ;
8>><
>: ð54Þs^ðminÞ2 ¼
1; 1P sP
ﬃﬃﬃﬃﬃﬃﬃ
0:5
p
;ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2s
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
pp
;
ﬃﬃﬃﬃﬃﬃﬃ
0:5
p
> sP k
2
mﬃﬃﬃﬃﬃﬃﬃﬃ
1þk2m
p ;ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
k2m
 k2m
 
s2 þ k2m
r
; 0 6 s < k
2
mﬃﬃﬃﬃﬃﬃﬃﬃ
1þk2m
p ;
8>>><
>>>:
ð55Þ
s^ðmaxÞ3 ¼ s^ðminÞ3 ¼ 1: ð56Þ
The maximum and minimum values for the principal-direction
line elements during the compressive deformation of the non-
virgin pre-compress material are given in Eq. (42).
The compressive principal Cauchy stress then takes the form
r2 ¼ rv ¼ f ðk2Þ  f 1k2
 
; ð57Þ
for loading from a virgin state and
r2 ¼ rn ¼ gðk2; sðminÞ2 Þf ðk2Þ  g
1
k2
; sðmaxÞ1
 
f
1
k2
 
; ð58Þ
for unloading. Its clear that
jrv jP jrnj;
since 0 < g 6 1; f ðk2Þ 6 0 and f 1k2
 
P 0. In Fig. 10, we depict the
compressive stress–strain curves, where the minimum value of k2
is 12.
It is clear from Fig. 10 that as the angle h increases the compres-
sive stress becomes less softened. In the case when the angle
h ¼ 90, the stress–strain curve behaves similarly to the virgin
stress–strain curve, i.e. as if the material is not softened; this behav-
iour is described empirically in Pawelski (2001) experiment and is
described theoretically below. In the 90 case
s^ðmaxÞ1 ¼ 1; s^ðminÞ1 ¼ km; s^ðmaxÞ2 ¼
1
km
; s^ðminÞ2 ¼ 1:
Hence,
sðminÞ2 ¼ k2; sðmaxÞ1 ¼
1
k2
;
r2 ¼ gðk2; k2Þf ðkÞ  g 1k2 ;
1
k2
 
f
1
k2
 
¼ f ðk2Þ  f 1k2
 
¼ rv ; ð59Þ
since gðk2; k2Þ ¼ g 1k2 ; 1k2
 
¼ 1.pre-compression.
Fig. 11. Simple shear loading and unloading in the same direction.
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direction after unloading the material from the 90 reloading.
In this case, we have,
sðmaxÞ1 ¼
1
km
; sðminÞ2 ¼ km; sðminÞ1 ¼ km; sðmaxÞ2 ¼
1
km
: ð60Þ
The compressive stress is
r2 ¼ gðk2; sðminÞ2 Þf ðk2Þ  g
1
k2
; sðmaxÞ1
 
f
1
k2
 
; ð61Þ
which is the same as the stress given in Eq. (58). This behaviour is
also indicated by Pawelski (2001), i.e., the softening behaviour is
not reduced even after a perpendicular compression down to
k2 ¼ km.
6.5. Anisotropy induced by a simple shear pre-deformation
In this section we investigate simple shear deformations where
the principal directions of U change continuously during the
deformation, taking note that, in the proposed model, the Biot
stress is always coaxial with U. Consider pre-stretching a material
by a simple shear deformation described by
UðcÞ 
1 c 0
c 1þ c2 0
0 0 1
0
BBB@
1
CCCA; ð62Þ
where 0 6 c 6 cm and c is commonly called the amount of shear.
6.5.1. Simple shear of the pre-stretch in the same direction
Consider a simple shear deformation of the pre-stretch in the
same direction as the primary shear direction of the virgin mate-
rial. The components of principal directions of U of this non-virgin
simple shear are:
e1 ¼
c
s
0
2
6664
3
7775; e2 ¼
s
c
0
2
6664
3
7775; e3 ¼
0
0
1
2
6664
3
7775; ð63Þ
where Shariff (2006)
c ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ k21
q and s ¼ k1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ k21
q : ð64Þ
It can be easily shown that the principal stretches take the val-
ues (Shariff, 2006)
k1¼ cþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2þ4
p
2
P1; k2¼ 1k1¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2þ4
p
c
2
61; k3¼1: ð65Þ
For ﬁxed c and s, we have,
sðmaxÞ1 ¼ max06c6cm
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðcsþ cÞ2 þ s2
q
; sðminÞ1 ¼ min06c6cm
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðcsþ cÞ2 þ s2
q
;
sðmaxÞ2 ¼ max06c6cm
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðcc sÞ2þc2
q
; sðminÞ2 ¼ min06c6cm
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðcc sÞ2þc2
q
; ð66Þ
sðmaxÞ3 ¼ sðminÞ3 ¼ 1:
With a little analysis we get,
sðmaxÞ1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðcmsþ cÞ2 þ s2
q
; sðminÞ1 ¼ 1; 0 6 c 6 cm; cm P 0:
For 0 6 cm 6 2,
sðmaxÞ2 ¼ 1; 0 6 c 6 cm
and for cm > 2sðmaxÞ2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðcmc  sÞ2 þ c2
q
; 0 6 c 6 c
2
m4
2cm
;
1; c
2
m4
2cm
< c 6 cm:
8<
:
For cm > 1,
sðminÞ2 ¼
c; 0 6 c < c
2
m1
cm
;ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðcmc  sÞ2 þ c2
q
;
c2m1
cm
6 c 6 cm
8<
:
and for 0 6 cm 6 1
sðminÞ2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðcmc  sÞ2 þ c2
q
0 6 c 6 cm:
The shear stress rs for the primary loading is
rs ¼ ðf ðk1Þ  f ðk2ÞÞc^s^; ð67Þ
where
c^ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ k22
q ; s^ ¼ k2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ k22
q : ð68Þ
The shear stress for the unloading and reloading of the
pre-stretched material is given by
rs ¼ g1ðk1; sðmaxÞ1 Þf ðk1Þ  g2ðk2; sðminÞ2 Þf ðk2Þ
 
c^s^: ð69Þ
Fig. 11 depicts the loading and unloading curves for cm ¼ 2 and
cm ¼ 3. It is clear from Fig. 11 that stress–deformation curves
behave as expected. The ad hoc material-constant values for
Figs. 11 and 12 are:
a1 ¼ a2 ¼ 1:0; b1 ¼ 1:5; b2 ¼ 0:5; c1 ¼ c2 ¼ 1:0:6.5.2. Simple shear of the pre-stretch in the opposite direction
In this section, the pre-stretch is sheared in the direction oppo-
site to the primary direction up to c ¼ 2. The components of the
principal eigenvectors for this opposite direction shearing are:
e1 ¼
c
s
0
2
64
3
75; e2 ¼
s
c
0
2
64
3
75; e3 ¼
0
0
1
2
64
3
75: ð70Þ
Consider the optimum pre-stretch values
Fig. 12. Simple shear in directions different from the pre-shear direction.
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ei  U2ðcÞei
q
; s^ðminÞi ¼ min06c62
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ei  U2ðcÞei
q
ð71Þ
of the line elements of the pre-sheared material in the ei directions
for cm ¼ 2.
s^ðmaxÞ1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2s cÞ2 þ s2
q
; s^ðminÞ1 ¼ s;
s^ðmaxÞ2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2c þ sÞ2 þ c2
q
; s^ðminÞ2 ¼ 1:
The maximum and minimum values for the relevant principal-
stretch line elements when 0 6 c 6 2 are
sðmaxÞ1 ¼
s^ðmaxÞ1 ; 1 6 k1 6 s^
ðmaxÞ
1 ;
k1; s^
ðmaxÞ
1 6 k1 6 1þ
ﬃﬃﬃ
2
p
;
(
sðminÞ2 ¼
s^ðminÞ2 ; 1P k2 P s^
ðminÞ
2 ;
k2; s^
ðminÞ
2 P k2 P
ﬃﬃﬃ
2
p
 1;
(
sðmaxÞ3 ¼ sðminÞ3 ¼ 1:6.5.3. Simple shear of the pre-stretch in a direction perpendicular to
the initial plane of shear
In this section, the pre-stretch is sheared, in a direction perpen-
dicular to the initial plane of shear, up to c ¼ 2. The components of
the principal eigenvectors for this shearing are:
e1 ¼
0
s
c
2
64
3
75; e2 ¼
0
c
s
2
64
3
75; e3 ¼
1
0
0
2
64
3
75: ð72Þ
In view of (71), the optimal values of the pre-stretch line
elements are:
s^ðmaxÞ1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4s2 þ 1
p
; s^ðminÞ1 ¼ 1; s^ðmaxÞ2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4c2 þ 1
p
; s^ðminÞ2 ¼ 1:
The maximum and minimum values for the relevant principal-
stretch line elements for 0 6 c 6 2 are
sðmaxÞ1 ¼
s^ðmaxÞ1 ; 1 6 k1 6 s^
ðmaxÞ
1 ;
k1; s^
ðmaxÞ
1 6 k1 6 1þ
ﬃﬃﬃ
2
p
;
(sðminÞ2 ¼
s^ðminÞ2 ; 1P k2 P s^
ðminÞ
2 ;
k2; s^
ðminÞ
2 P k2 P
ﬃﬃﬃ
2
p
 1;
(
sðminÞ3 ¼ sðmaxÞ3 ¼ 1:
Fig. 12 depicts the results for various loadings given in this
section. The theory closely predicts the experimental results of
Muhr et al. (1999); they stated that ‘‘the softening is greatest for
simple shear in the same direction, least for simple shear in the
opposite direction and intermediate for shear at 90 degrees’’.
6.6. Gough (2000) pure shear experiment
In Gough (2000) PhD thesis, the Mullins effect in pure shear is
experimented. We model her experiment via the deformation
described by
UðkÞ  diag k;1;1
k
 
; ð73Þ
where 0 6 k 6 2. The principal components of the Cauchy stress are
r1  r2 ¼ f ðkÞ; r1 ¼ rðpÞ1 ¼ f ðkÞ  f
1
k
 
; r2 ¼ rðpÞ2
¼ f 1
k
 
ð74Þ
for the primary loadings and
r1  r2 ¼ gðk;2Þf ðkÞ; r2 ¼ g 1k ;0:5
 
f
1
k
 
ð75Þ
for the non-virgin loadings. We use the functional form (46) for g to
ﬁt the experimental data. It is clear from Figs. 13 and 14 that our
theory compares well with Gough (2000) experimental data. The
material-constant values for this material are:
a1 ¼ 2:216; a2 ¼ 0:621; a3 ¼ 1:853; b1 ¼ 0:0125;
b2 ¼ 0:1480;
c1 ¼ 5:0; c2 ¼ 4:373:
A softening behaviour of Mullins materials is often analysed
more clearly via the stress ratios r1
rðpÞ1
and r2
rðpÞ2
. Fig. 15 shows that
our model accurately capture the non-monotonic softeningFig. 13. Gough (2000) pure shear experiment.
Fig. 16. Gough (2000) simple tension experiment.Fig. 14. Gough (2000) pure shear experiment.
Fig. 15. Gough (2000) pure shear experiment.
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ing behaviour of some previous models (see, e.g. Ogden and
Roxburgh (1999), Dorfmann and Pancheri (2012)) do not agree
with experimental observations. Fig. 13 indicates that there is a
slight residual strain, and in view of this, the ratio curve for r1
rðpÞ1
in
Fig. 15 (see also Fig. 19 for ratio curves with residual strains) does
not compare well with the experiment at low strains. Using the
material-constant values obtained from ﬁtting the pure shear data,
we accurately predict the simple tension data as shown in Fig. 16.7. Inclusion of residual strains (permanent set)
The relation between permanent set and stress-softening is an
ongoing issue (Merckel et al., 2013). However, in this paper, weassume an ideal model, where, for example, the material is not vis-
coelastic and, that the permanent set is related to ai and the mate-
rial composition. This assumption may or may not be true.
However, if it is true, in this Section, the proposed constitutive
equation in Section 4.2 can be easily modiﬁed to take account of
residual strains occurring in Mullins materials. We do this by sim-
ply assuming that the values of the free energy and the stress are
not zero at the deﬁned reference conﬁguration (U ¼ I) but zero
at the ‘‘residual’’ conﬁguration when U ¼ UðrÞ. In view of this, we
propose a free energy of the form
Wf ¼
X3
i¼1
T ðmÞi gðk^i; a^iÞrðk^iÞ þ /ðk^i; a^iÞ
 
; ð76Þ
where TðmÞi ¼ f ðaiÞf ða^iÞ ; k^i ¼
ki
kðrÞ
i
; a^i ¼ ai
kðrÞ
i
and kðrÞi ¼ ei  UðrÞei are the corre-
sponding residual stretches of line elements in the principal direc-
tions of U. We note that, they are not the principal stretches of
UðrÞ. In view of the incompressibility constraint, we have the relation
kðrÞ1 k
ðrÞ
2 k
ðrÞ
3 ¼1þkðrÞ1 ðe2 UðrÞe3Þ
2þkðrÞ2 ðe1 UðrÞe3Þ
2þkðrÞ3 ðe1 UðrÞe2Þ
2
2ðe1 UðrÞe2Þðe1 Ure3Þðe2 UðrÞe3Þ: ð77Þ
It is clear from (77) that kðrÞ1 k
ðrÞ
2 k
ðrÞ
3 ¼ 1 if e13 are the principal
directions of UðrÞ and in this case kðrÞ13 are the principal stretches of
UðrÞ. From Eq. (76), if ki ¼ 1ðrÞ, we recover the free energy given in
Eq. (18) for an ideal Mullins material. Some experiments (Cheng
and Chen, 2003; Dargazany and Itskov, 2009) suggest that kðrÞi
depends on ai and the material composition. In view of this and
the relation (77), where shear terms are also involved, we propose
the form
kðrÞi ¼
1
aðrÞ
f ðrÞðsðminÞi ÞgðrÞðsðmaxÞi Þþ
VðsðmaxÞi ; sðmaxÞj ; sðmaxÞk ; sðminÞi ; sðminÞj ; sðminÞk ; Smax; SminÞ; i– j – k – i;
ð78Þ
where f ðrÞð1Þ ¼ gðrÞð1Þ ¼ 1,
aðrÞ ¼
Y3
i¼1
f ðrÞðsðminÞi ÞgðrÞðsðmaxÞi Þ
 !1
3
; ð79Þ
the components of the shear history parameter (Shariff, 2006) matri-
ces Smax and Smin are
Fig. 17. Cheng and Chen (2003) experiment: cðrÞ0 ¼ 0:13; cðrÞ1 ¼ 0:07; cðrÞ2 ¼ 0:018.
Fig. 18. Cheng and Chen (2003) experiment.
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ei  U2ðzÞejﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ei  U2ðzÞei
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ej  U2ðzÞej
q P 0 ð80Þ
and
ðSminÞij ¼ðSminÞji ¼min06z6t
ei U2ðzÞejﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ei U2ðzÞei
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ej U2ðzÞej
q 60; i– j: ð81Þ
ðSmaxÞij and ðSminÞij are maximum and minimum values, respec-
tively, of the cosine of the angle between two principal-direction
line elements throughout the history of the deformation. In this
communication, we shall not give speciﬁc forms of f ðrÞ and V, since
we do not have any experimental data for the relation between kðrÞi
and sðminÞi and, there are lack of shearing experimental data to
sufﬁciently analyse the effect of shearing on stress-softening mate-
rials. In a sequence of deformations, where the principal directions
are ﬁxed, then ei is also a principal direction of Ur and
Smax ¼ Smin ¼ 0. In view of (77)–(79), we impose the condition
VðsðmaxÞi ;sðmaxÞj ;sðmaxÞk ;sðminÞi ;sðminÞj ;sðminÞk ;0;0Þ¼0; i– j–k– i: ð82Þ
Here, for simplicity, we assume f ðrÞ ¼ 1 and, based on the exper-
imental data of Cheng and Chen (2003) and Dargazany and Itskov
(2009), we propose gðrÞ to have the form
gðrÞðsðmaxÞi Þ ¼ 1þ
X2
s¼0
cðrÞs /sðsðmaxÞi Þ: ð83Þ
The material constants c02 are restricted to take numerical
values so that kðrÞi > 0. The principal Cauchy stress components
take the form
ri ¼ T ðmÞi gðk^i; a^iÞf ðk^iÞ  p: ð84Þ
For a pure shear deformation as described in Section 6.6,
k2 ¼ kðrÞ2 for the non-virgin material and
r1  r2 ¼ TðmÞi gðk^1; a^1Þf ðk^1Þ: ð85Þ
Note that, if we let TðmÞi ¼ 1 the softened stress curve will not
join the primary curve when k1 ¼ sðmaxÞ1 . However, the expression
T ðmÞi ¼ f ðaiÞf ða^iÞ ensures that the softened curve joins the primary curve
at k1 ¼ sðmaxÞ1 .
Below is an example of the residual-stretch expressions after a
simple tension primary loading in the 1-direction up to
sðmaxÞ1 ¼ 2ðsayÞ
kðrÞ1 ¼ gðrÞðsðmaxÞ1 Þ
2
3; kðrÞ2 ¼ kðrÞ3 ¼
1ﬃﬃﬃﬃﬃﬃﬃ
kðrÞ1
q ; sðminÞ2 ¼ sðminÞ3 ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sðmaxÞ1
q ð86Þ
and sðminÞ1 ¼ sðmaxÞ2 ¼ sðmaxÞ3 ¼ 1.
7.1. Cheng and Chen (2003) experiment
In Fig. 17 the proposed theory for the permanent set model is
compared with the simple tension experimental data of Cheng and
Chen (2003). It is clear from Fig. 17 that our theory ﬁts the data very
well. The nominal stress component in the 1-direction is given by
t1 ¼ r1k1 ¼
gðk^1; a^1Þf ðk^1Þ  g 1ﬃﬃﬃ
k^1
p ; a^3
 
f 1ﬃﬃﬃ
k^1
p
 
k1
; ð87Þ
where a^1 ¼ s
ðmaxÞ
1
kðrÞ1
and a^2 ¼ a^3 ¼ s
ðminÞ
3
kðrÞ3
. The nominal stress for the
primary curve is of the form
tp ¼
f ðk1Þ  f 1ﬃﬃﬃ
k1
p
 
k1
: ð88ÞIt is evident in Fig. 18 that the theoretical t1 and tp stress–strain
curves given in Eqs. (87) and (88) accurately capture the experi-
mental data. We note that, in Fig. 18, the material-constant are
evaluated by ﬁtting four curves, the primary curve and the three
softened curves corresponding to sðmaxÞ1 ¼ 2; 2:5; 3; the curve cor-
responding to sðmaxÞ1 ¼ 1:5 is accurately predicted using the mate-
rial-constant values obtained from ﬁtting the four curves. A
softening behaviour of Mullins materials is often analysed more
clearly via the stress ratio t1tp. Fig. 19 shows that our model accu-
rately capture the non-monotonic softening behaviour.
7.2. Dargazany and Itskov (2009) experiment
In Dargazany and Itskov (2009) experiment, a cross-shape spec-
imen made from 50 phr carbon black ﬁlled polychloroprene rubber
was used to study induced anisotropic behaviour. Brieﬂy, the
experimental procedure was as follows. First, the virgin specimen
Fig. 19. Cheng and Chen (2003) experiment.
Fig. 21. Dargazany and Itskov (2009) experiment. Simple tension in the 2-direction
of the 1-direction pre-stretch material.
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(1-direction) with the increasing stretch (k1) amplitudes 1.15,
1.30, 1.45, 1.60 and 1.75. After unloading from k1 ¼ 1:75 to the
stress-free state, the sample was unclamped and clamped again
for the consequent loading in the orthogonal direction
(2-direction). Residual strains accumulated in the specimen are
included in the new reference conﬁguration. The above described
loading procedure was then repeated in 2-direction. Figs. 20 and
21 reveal the Mullins effect as a strongly anisotropic phenomenon
and also show considerable amount of residual stretches. The
residual data in Fig. 20 is used to obtain the values of cðrÞ02 and,
hence, the speciﬁc form of gðrÞ; using this form we depict, in
Fig. 22, the behaviour of the residual stretch kðrÞ1 . The 1-direction
data in Fig. 20 is curve ﬁtted in an ad hoc manner and the values
for the material constants are given below:
a1 ¼ 10:41; a2 ¼ 20; a3 ¼ 0; a4 ¼ 20:09; k ¼ 0:896;
b1 ¼ 8; b2 ¼ 0:1; b3 ¼ 0:55; b4 ¼ 1:0; c1 ¼ 1:45; c2 ¼ 1:
ð89ÞFig. 22. Dargazany and Itskov (2009) experiment: cðrÞ0 ¼0:38; cðrÞ1 ¼0:95; cðrÞ2 ¼0:43.
Fig. 20. Dargazany and Itskov (2009) experiment. Simple tension in the 1-direction.We note that, the residual strains, after unloading from
k1 ¼ 1:75 in the 1-direction experiment, are:kðrÞ1 ¼ 1:0589; kðrÞ2 ¼ kðrÞ3 ¼
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1:0589
p ¼ 0:9718: ð90Þ
The above residual stretch values and the function gðrÞ are used
to predict the residual stretches in the 2-direction experiment.
Using the material-constant values in (89) and the residual
stretches in (90), we predict the 2-direction nominal stress–strain
experiment as depicted in Fig. 21. It is clear from Figs. 20 and 21
that the proposed model is able to simulate the actual material
behaviour.
We note that, for example, Itskov et al. (2010) model also pro-
duces the S-shape of the stress softening curves. However, their
model only consider the maximal line elements of the principal
directions of the right stretch U; this paper considers both maxi-
mal and minimal of line elements, and shear history parameters.
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and the softened stress, however here, our damage function is
deﬁned differently and is included in the softening function. Their
residual principal stretches are not explicitly included in their
‘‘energy’’ function but can be obtained from solving the zero stress
condition. In this paper however, the residual stretches are not
principal stretches as described above; their values are obtained
explicitly from Eq. (78); no need to solve equations.
8. Concluding remarks
The motivating key for this work was the absence of a phenom-
enological model that can reasonably simulate a variety of non-
proportional experimental data on the anisotropic Mullins effect
for different types of rubber-like materials. Thus, we proposed a
purely phenomenological direction dependent orthotropic model
that can model the anisotropic Mullins behaviour and have ortho-
tropic invariants that have a clear physical interpretation. The pro-
posed ‘‘ideal’’ direction dependent orthotropic theory was easily
modiﬁed to formulate the permanent set model. The efﬁcacy of
the model is demonstrated via its ability to ﬁt and predict various
types of anisotropic experimental data. More relevant rigorous
anisotropic experiments are needed to further justify the proposed
theory.
Appendix A. Key equations
Non-permanent set model
Free energy:
Wf ¼
X3
i¼1
gðki;aiÞrðkiÞ þ /ðki;aiÞð Þ; ðA1Þ
where /ðki;aiÞ ¼ 
R ki
1 rðsÞ dgds ðs;aiÞds and r is given by (21).
Damage parameter ai corresponding to an ei line element:
ai ¼
sðmaxÞi when ki > 1;
sðminÞi when ki < 1;
sðmaxÞ
i
þsðminÞ
i
2 when ki ¼ 1;
8><
>: ðA2Þ
where
sðmaxÞi ¼max06z6t
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ei  CðzÞei
p
; and sðminÞi ¼ min06z6t
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ei  CðzÞei
p
: ðA3Þ
Softening function:
gðs;dÞ ¼ g^ðgðsÞ; gðdÞÞ ¼ eb1ðgðsÞgðdÞÞ	gðsÞb2  b3eb4gðsÞðgðdÞ  gðsÞÞ;
ðA4Þ
where
gðxÞ ¼ ðx
c1  1Þ2
xc2
: ðA5Þ
Cauchy stress:
r ¼ 2F
X3
i¼1
1
2ki
@Wf
@ki
ei  ei
 !
FT  pI: ðA6Þ
Permanent set model
Free energy:
Wf ¼
X3
i¼1
TðmÞi gðk^i; a^iÞrðk^iÞ þ /ðk^i; a^iÞ
 
; ðA7Þ
where T ðmÞi ¼ f ðaiÞf ða^iÞ ; k^i ¼
ki
kðrÞ
i
; a^i ¼ ai
kðrÞ
i
, kðrÞi ¼ ei  UðrÞei and f is given by
(22).
Residual stretch:kðrÞi ¼
1
aðrÞ
gðrÞðsðmaxÞi Þþ
VðsðmaxÞi ; sðmaxÞj ; sðmaxÞk ; sðminÞi ; sðminÞj ; sðminÞk ; Smax; SminÞ; i– j – k – i;
ðA8Þ
where
gðrÞðsðmaxÞi Þ ¼ 1þ
X2
s¼0
cðrÞs /sðsðmaxÞi Þ; aðrÞ ¼
Y3
i¼1
gðrÞðsðmaxÞi Þ
 !1
3
: ðA9Þ
The shear history parameters:
ðSmaxÞij ¼ ðSmaxÞji ¼max06z6t
ei  U2ðzÞejﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ei  U2ðzÞei
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ej  U2ðzÞej
q P 0; ðA10Þ
ðSminÞij ¼ ðSminÞji ¼ min06z6t
ei  U2ðzÞejﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ei  U2ðzÞei
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ej  U2ðzÞej
q 6 0; i– j:
ðA11ÞAppendix B
In the past, it is thought expedience to formulate the free
energy in the form (Ogden and Roxburgh, 1999)
Wf ¼ g Wðk1; k2Þ þ /ðgÞ; ðB1Þ
where g is a softening function and / is a potential function with
the property
/0ðgÞ ¼  W: ðB2Þ
We note that quite a number of Mullins models (Pena and
Doblare, 2009; Dorfmann and Pancheri, 2012) have used adapted
or modiﬁed versions of (B1). To ensure a unique inversion of (B2)
the restriction
/00ðgÞ < 0 ðB3Þ
is imposed. We note that the restriction (B32) is not comparable
with experimental results as described below.
From (B2), we have
/00ðgÞ dg
d W
¼ 1: ðB4Þ
In view of (B3) and (B4) the condition
dg
d W
> 0 ðB5Þ
must hold. However, some experiments (see comments made in
Kazakeviciute-Makovska (2007)) do not agree with the condition
(B5). We note that our formulation (18) does not require the restric-
tive potential function /.
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